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Interference Effects in Multimeson Resonances* 
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(Received 19 June 1964) 

The problem of interference effects in "cascade" decays of multimeson resonances is discussed; that is, de­
cays of the form X -» F-f (n mesons) followed by Y —> (m mesons). Interference effects occur whenever there 
is more than one way to form the state Y-\-n mesons out of the final (w+w)-meson state. For example, there 
will be interference between the two modes 

AQ-
p++7T 

• 7T++7T +7T°. 

This case is discussed in detail, and results are presented for the J5-meson decay. The effect of experimental 
resolution is evaluated. 

I. INTRODUCTION 

IN recent publications, evidence has been reported for 
the existence of two new resonances tentatively 

called A and B.1'2 Their principal decay modes are 

A+-

B+- • 7T++C0 -

> 7T++7r++7r~, 

• 7T++7r++'7r0+7r~ 
( i . i ) 

The determination of the quantum numbers of 
multipion resonances has been considered by many 
authors.3 Practically all these tests are based on angular 
correlations among the outgoing pions. However, the 
observation that in both the decays in (1.1) there are 
two identical particles raises the possibility of observing 
interference effects which could be helpful in estab­
lishing the quantum numbers.4 

More generally, we shall discuss in this paper the 
problem of interference effects in "cascade" decays of 
multipion resonances; that is, decays of the form 

followed by 
X-^Y+nw 

Y—>fnir. 

(1.2) 

Interference effects exist whenever there is more than 
one way to form the state Y+nw out of the final 
(m-\-n)w s tate; they are not confined to cases in which 
there are identical particles. For example, if the A has 
7 = 2 , there will be interference between the three modes 

lp0+7r°J 
•7r++7r -\-Tfi t 

(If the A has 1 = 0 , the last mode is forbidden.) 
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For the sake of clarity, we proceed directly in Sec. I I 
to the discussion of the specific example A+ —* w++p°. 
In Sec. I l l the influence of the experimental resolution 
on the observation of interference effects is considered. 
We show that it is impossible to observe these effects 
unless the resolution width is less than or comparable to 
the decay width of the particle F . The width of particle 
X can be large, but in this case one must be careful to 
plot the data as a function of suitable variables. In Sec. 
IV we consider the decay B+ —» TT++O). In the Appendix 
we discuss the general tensor methods used to write 
down correct amplitudes for the processes (1.2). 

II. INTERFERENCE EFFECTS IN THE 
DECAY A+-^n++e» 

In the decay A+—>x++p° interference effects occur 
between the two possibilities A+ —*7n++p°, p°—>7r2

+ 

+7r~~ and A —> 7r2
++p°, p° —»7ri++7r~. We shall evaluate 

these effects for all spin and parity values through 7 = 2 , 
and for the two possible values of the isotopic spin 
I— 1, 2. We follow the usual procedure of writing down 
the simplest decay amplitude consistent with the 
quantum numbers assumed, paying particular attention 
to the requirements of statistics. The results can con­
veniently be expressed in terms of the density distribu­
tion on the Dalitz plot of the A decay. The plot shows 
two p bands, with the interference effects occurring in 
the region where the bands cross. 

A. The Isospin Matrix Element 

A properly symmetrized decay matrix element can be 
formed from the sum of three terms represented dia-
grammatically in Fig. 1. The indices i, j , k are the 
isotopic spin indices of the pions in the Cartesian 
representation, and are related to states of given charge 
in the usual way: 

- ^ | + ) = | l > + f | 2 > > 

^ | - > = | 1 > - » | 2 > , 
| 0 ) = | 3 ) . 

(2.1) 

(1962), by R. H. Dalitz and D. H. Miller, Phys. Rev. Letters 6, 
562 (1961); and by C. Zemach, Phys. Rev. 133, B1201 (1964). 
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FIG. 1. The three possible modes of the decay A —> r + p —» Zir. 

Consider first the case I A ~ 1. Then the isospin part of 
the matrix element for the diagram in Fig. 1(a) is 
formed by first combining pions 2 and 3 into a p meson 
with isospin index r, giving a factor ie?jk (we place bars 
over indices of incoming particles); then combining the 
p with pion 3 to form the A (isospin index a), giving the 
additional factor ie-ari* The result for this diagram is then 

P(Si)Mif23(5ajdik — ?>ak$ij) . (2.2) 

where Mi,23 is a function of the momenta appropriate 
to whichever Jp is considered, and where P(s) is the p 
propagator. Bose statistics require that i f 1,32= —Mi,23. 
We use the notation 

Si=(p*+pz)*, 

S2=(Pi+Pz)2, (2.3) 

Sz=(pl+p2)2-

The complete matrix element of Fig. 1 is then 

M=P(s1)Mlt2z(hJSik-&akSi3) 
+ P(S2)M2,n(&aiSjk — $akdij) 

+P(st)MMi(5sj8<*-8a<?i*). (2.4) 

Evaluating this for the charge configuration A+ —» 7ri+ 

+7r2++7r~, we obtain the result 

M = M1>2zP(s1)+M2,nP(s2), (2.5) 

which is shown diagrammatically in Fig. 2. 
Proceeding in the same manner for the case I A = 2, we 

find for Fig. 1 (a) the result 

Lh(^ajk^ib+iebjk^ia)~^amijk]P(Sl)Mif2d, (2.6) 

where a, b are the isospin indices of the A. The fact that 
this matrix element contains only IA = 2 follows from 
its being traceless and symmetric in a and b. The com­
plete matrix element M is again the sum of the contri­
butions of the three diagrams of Fig. 1, and the result 

\h /H /Pi \P3 / P i / P2 ;v v FIG. 2. The two possible 
modes of the decay A+—> 7r+ 

+ p ° —> 7r++7r++7r~". 

for the charge configuration A+ —* 7ri++7T2++7r~ i s the 
same as the previous result, Eq. (2.5). This result could 
indeed have been written down without going through 
the preceding isospin formalism, since we know that 
regardless of the isospin of the A> the matrix element 
must be symmetric under the interchange of the two ir+ 

mesons. 
More complicated cases can occur, however. Consider, 

for example, the decay A0 —> 7r++7r~+7r°. Let the indices 
1, 2, 3 refer to the TT+, 7r~, and 7r°, respectively. If I A ~ 1, 
then Eq. (2.4) gives the result 

M = M1,2,P(s1)+M2,nP(s2). (2.7) 

The absence of a term M3,21 reflects the fact that the 
decay ^4°—>p°+7r° is forbidden if 7,1=1. This should 
provide a good test for I A- If I A = 2, the result is 

M=M1,2zP(s1)-M2,nP(s2)+2Ms,2iP(sz). (2.8) 

Note that the sign of the interference between the first 
two terms is opposite to the sign for the case IA= 1. 

B. The Spin Matrix Elements 

For each possible Jp value of the A we shall use for 
Af i,23 the simplest expression consistent with the as­
sumed quantum numbers. Pions 2 and 3 are combined 
to form a p, giving a factor ep- (p2—pz)- Then the ap­
propriate expression is written down for the A —> p + x 
vertex. Finally, the sum over polarization states of the 
p is done. The results are shown in Table I, where we 
have introduced the notation A =piJrp2-\~pz. The 
quantities PM... are tensors formed from the production 
variables, and satisfying the conditions of transversality 
(^^^ . . . = 0), tracelessness, and symmetry, in all their 
indices. 

For the p-meson propagator P(s) we choose the 
following convenient normalization of the Breit-Wigner 
form: 

(rpA)1 /2 

P(s) = . (2.9) 
s—mp

2+iTp 

C. The Dalitz Plot 

The most convenient variables to use for displaying 
the interference between the two terms in Eq. (2.5) are 
S! and S2, which are the standard Lorentz-invariant 
Dalitz plot variables. The physical region in the S1S2 
plane is given by the inequality 

SiS2Sz>niT?{WA2- m*f, (2.10) 

where S3, denned in Eq. (2.3), is related to s\ and 2̂ by 

s1+s2+ss=WA
2+3tnJi. (2.11) 

The quantity WA is the invariant mass of the three 
pions. We reserve the notation MA for the center of the 
A -meson peak. The density of events in this region is 
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TABLE I. The simplest matrix element for various values of Jp 

for the decay A —> x i+p followed by p —» ^-{-irz. The quantities 
PM... are tensors formed from the production variables. 

Jp I A —> p+x , vertex Ml, 2 

0~ 1 <v/>i 
1+ 0 ep-P 
1+ 2 Gv*i)(P-*i) 
1~ 1 t^cPteSpM* 
2- 1 pite/Pp, 
2+ 2 piaP^e^efpM* 

(p2-pz)-pi = h(s3-
(P*-P*)<P 
(p2-pz)-pi(P-pi) 
eltv\0P»pi'p2lip*' 
p\»(p<L-p%yPv.v 

plaP^e^Xapl^pt* 

proportional to 2, where 

2 = \frp^p2h{p?-m2)h(p2
2-m2) 

X8Z(A-p1y-s1]8\:(A-p2y-s2] 

Xb[_{A-pl-p2y-m^']\M\\ (2.12) 

Evaluating this expression in the rest frame of the A, 
one obtains 

2 = ( x 2 / 4 ^ ) F ( ^ 2 ) , 
where 

F(shs2) =— I dtoid£l&(Y--Qos0to)\M\ 
8TT2 7 

T^2p1p2Y=s1+s2-WA*-MS+2E1E2, 

and 
E ^ ( ^ A 2 + m T

2 ~ ^ - ) / 2 ^ . 

(2.13) 

(2.14) 

(2.15) 

The quantity Ei is just the energy of pion i in the A rest 
frame. For M= 1, one finds F = 1, the familiar fact that 
phase space is uniform over the Dalitz plot. 

Substituting Eqs. (2.5) and (2.9) in the definition of 
F, Eq.(2.14), we arrive at the following expression: 

F(si,s2) = £ ( s i ,*2)S(s i -^ Tp)+D(s2,s1)d(s2-mp
2
1 rp) 

+27rTpI(shs2)8(s1~mp\ rp) 
XS(s 2 -m p

2 , r p )A(^ 2 ) , (2.16) 
where 

D(shs2) = — dttn 
Sir2 J 

= /<&!< 
8 T T 2 ^ 

.^25(F-cos^2)(Mi )23)2, (2.17) 

I(shS2) = - d£l25(Y-co$d12)(Mi,2zM2,u). (2.18) 

We have also defined the resonance function 

d(XT) = (r/7r)/(X2+T2), (2.19) 

8(X,0) = 5(X). (2.20) 

The correction factor A(si,s2) is given by 

A(sus2) = 1+ (Sl- m2) (S2-M
2)/T2. (2.21) 

The second term is negligible unless D(si,s2) or I(shs2) 
changes by a large percent of its value over an interval 

TABLE II. The direct and interference terms in A -meson decay, to 
be used in evaluating Eq. (2.22). 

Jp 

0-

1+ 

1+ 

1-

2-

2+-

1 

0 

2 

1 

1 

2 

D(Sl,S2) = (S3~ S2)2 

I(SI,S2) = (^3 — ^2) (Si — Si) 

D(SI,S2)=4:V22+VI2+2T 

/(si,s2)=2p2
2+2p1

2+fr 

D(shS2)=21?1
2(s3-S2)2 

I(si,s2) = T(SS—S2) (sz—si) 

D(shS2)=4p1W-r2 

I(S1}S2) = -4:V1W+T2 

D(shS2) =2p1
4+4rpi2+6p1

2p22+ir2 

/(si,*) = 5 P l W + (5/4)r2+2r(Pl
2+p2

2) 

D(si,s2)=2p1
2(4p1

2
V22-r2) 

/fe,^) = -r(4p1
2p2

2-r2) 

of width Tp. Since D and / are in general slowly varying, 
we set A= 1 hereafter, and evaluate variables multiplied 
by a 5 factor at mp

2, obtaining 

F(shs2)^D{mp\s2)b(Sl-mp\ Tp)+D(mp\Sl) 
Xd(s2-mp% rp)+27rrp/(mp

2,wp
2) 

X5C?!-mp
2, Tp)d(s2-m

2, Tp). (2.22) 

This expression has a simple physical meaning: The first 
two terms give two p bands on the Dalitz plot, corre­
sponding to the two decay modes A+—»p++7ri+ and 
A+—>p++7r2

+; the last term, resulting from the inter­
ference between these modes, contributes significantly 
only in the region where the two bands cross. Outside 
this region the two 7r+ are distinguishable, since it is 
possible to say which one came from the p decay. If the 
unstable particle is long-lived, the interference effect is 
important only over a small region of the Dalitz plot, 
and very good experimental resolution is required to 
observe it. We shall discuss this point in more detail in 
the next section. 

In Table II the functions D(shs2) and I(shs2) are 
given for the various Jp considered. The quantity p / is 
the square of the three-momentum of pion i in the A 
rest frame, y?=E?—rnT

2. The normalization of D and / 
in Table II is arbitrary; i.e., constant factors common to 
D and / for a given Jp have been removed. 

Before these results can be compared with the experi­
mental data for a broad resonance such as the A, it is 
necessary to perform an integration over the mass 
spectrum of the A; i.e., to calculate the quantity 

/„ 

IA+LA 

F(shs2,WA)d(WA-mA, TA)dWA, (2.23) 
in A— LA 

where LA is the half-width of the region about MA from 
which events are taken. 

Note that the interference effects are maximal for the 
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40 50 , 60 
s, in units of m / 

FIG. 3. Distribution of density of events expected along a 
p-meson band, S2 = /mp

2, in the Dalitz plot of the decay of the R 
meson (see Ref. 6), for the 1~ quantum number assignment. The 
solid line neglects the effect of experimental resolution, while the 
dashed line is the result for a resolution full width of 25 MeV (see 
Sec. III). 

0~ and 1~ cases; constructive for the former, and de­
structive for the latter. The interference effects, as well 
as the significant variation of the matrix element, can be 
displayed by plotting the variation in density along a p 
band; i.e., F(shmp

2). This plot, for the 1~ case, is shown 
by the solid line in Fig. 3. Graphs of all the Jp we have 
considered can be found in a recent paper by Lander 
et al* 

III. EXPERIMENTAL RESOLUTION 

We have thus far idealized the problem by assuming 
that the experimental resolution width is small com­
pared to the decay widths of the particles X and F. We 
shall now investigate the effect of relaxing this restric­
tion. Assume, for simplicity of subsequent calculations, 
that the resolution function is 5(x—xo, R), defined by 
Eq. (2.19). That is, if the true value of some variable x 
is xo, the observed variable x will be distributed ac­
cording to the probability distribution 8(x—xo, R), with 
a resolution width R. Then a given theoretical prediction 
f(x) will be "smeared" by the experimental resolution 
into its "resolution transform" f(x), where 

/C 
<* C 

dx'h(x'-x,R)j(x'). (3.1) 

By contour integration we find that the resolution 
transform of a Breit-Wigner function representing a 
resonance of width V is itself a Breit-Wigner function, 
but with width T+R; that is, 

6(x,T) = 6(x,T+R). (3.2) 

The density of events F(si,S2) in the p bands of the 
Dalitz plot for A decay, given by Eq. (2.22), will be 
changed by the resolution into the function F(si,S2), 
where 

dsi'dsJKsi'-suR) 

Xd(s2'-s2)R)F(s1
f
)s2

f). (3.3) 

If one then assumes that D(shS2) varies slowly enough 
that it can be taken to be constant over a region of the 
size of the resolution width one obtains 

F(s1,s2) = D(m^S2)d(sx~m2, T,+R)+D(mM 
X$(s2- mp\ Vp+R)+2TTpI(m

2,m2) 
X5(^-mp

2 , Tp+R)8(s2~m2, Tp+R). 

In order to see the effect of the resolution on the ob­
servation of the interference term consider the density 
along a contour following one of the p bands, 

F(s1}m
2) =—\D(mp\Sl) 

<KV 

X 

p/2 

(*i-^P
2)2+r/2 

D(m2,mp
2)+2—I(mp

2,mp
2) 1 , (3.4) 

where T' = TP+R. Note the factor Yp/Y' which multi­
plies the interference term. If R^>TP, no interference 
effects can be observed, as one would expect. Figure 3 
shows the effect of typical experimental resolution in the 
favorable case oiR-> ir+p. Figure 4 shows the effect on 
the unfavorable case B —> T+W to be discussed in the 
next section. 

Even in a favorable case such as A —> x+p where 

8 R. L. Lander, M. Abolins, D. D. Carmony, T. Hendricks, N. 
H. Xuong, and P. Yager (to be published). 

FIG. 4. Distribution of density of events expected along an co 
band, S2 = mJi in the decay of the B meson, for the 0~ quantum 
number assignment. The solid line neglects the effect of experi­
mental resolution, while the dashed line is the result for a resolu­
tion full width of 20 MeV, and a band half-width L (see Sec. Ill) 
of 15 MeV. 
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TP<Z.R, the interference effects can be obscured if 
statistics force one to look at a broad band about 
s2 = mp

2. If we integrate Eq. (3.3) over a band of width 
2L about S2Z=MP

2, we find 

- / F(shs2)ds2 
2L J m,'~L 

= tf (z,r')z>(«,Vi)+*(ji-»p*, r') 
XC J D(w/ , W / )+2xr p C/(Z, r ' ) / (w p

2 ,w p
2 ) ] , (3.5) 

where 
U(L,V) = (1/TTL) t an -^L/TO. (3.6) 

One can see from these equations that the interference 
term becomes small when L^>TP. 

IV. CHOICE OF VARIABLES 

We have seen how interference effects are smeared 
out when the resolution becomes comparable to the 
width of particle Y. The width of particle X has, on the 
other hand, no significant relation to the observability 
of the interference effects, as long as the Lorentz-
invariant mass variables s± and $2 are used. Often, how­
ever, one displays the data by means of the Dalitz plot 
in terms of the energies Eh E2. The purpose of this 
section is to point out that such a choice of variables 
obscures the interference effects unless X is a very 
narrow resonance. The reason is evident from Eq. 
(2.15) which gives the kinematical relation between Si 
and E{. The quantity W A enters into this relation. 
Therefore, the width of the A will make the p peak in the 
variable E\ appear broadened. To evaluate the effect 
quantitatively we must express d(si~mp

2, Tp) in terms 
of Ei and WA, then integrate over the A mass spectrum. 
Evaluating slowly-varying terms at the peak of the 5 
function we find 

b{Sl-mp\ r p ) « hi WA-Wh ) , (4.1) 
2EP \ 2EPJ 

where Ep is the energy of the p in the three-pion c m . 
system, 

Ep= (sA+m*-m*)/2WA, (4.2) 
and where 

W1=E1+(m2+E1
2-m7

2y'2. (4.3) 

Integrating over the mass spectrum of the A we obtain 

[ dWA8(WA-mA,TA) b(wA-Wh^-\ 
J-oo 2EP \ 2EP) 

i / r p \ 
8[mA-WhTA+ 

2E0 \ 2EJ 

$ ( £ I - £ O , 7 P + Y A ) , (4.4) 
2MA 

FIG 
modes 

+«—' 

5. The two possible 
of the decay B+ —* x+ 

7r++7T++7r-+7r0. 

Fo IT- TT+ 
\ P 4 | P 3 / P 2 1T+ 

coy 

B + 

(a) 

+ 

TT0 TT- TT+ 
\P4 |P3 /P l 
\ 1 f N / 

Y 
B + 

(b) 

TT+ 

where 

and where 
Eo= (mA2+mT

2-mp
2)/2mA, (4.5) 

T P = --Tp/2tnA, yA=(l-Ep/mA)TA. (4.6) 

The width of the p in the variable E\ is thus yp+yA- For 
the case of an A meson of width «350 MeV, the term 
JA is about twice the "natural width" yp. The band 
structure of the Dalitz plot in Ei and E2 will be almost 
completely obscured.6 One would expect that inter­
ference effects will also be obscured, and a detailed 
evaluation shows that this is indeed the case. We shall 
not reproduce this evaluation here, since the difficulty 
we are describing in this section need never occur as long 
as the Lorentz-invariant mass variables are used. 

V. THE DECAY B+ -> *++<o 

The existence of two possible decay modes of the B+, 
namely, B+ —»7ri++co; a> —> 7r2

++7r~+7r° and B+ —> ir2
+ 

+co; cc—>7Ti++7r~+7r0; gives rise to the possibility of 
interference effects in a manner similar, in principle, to 
the one described in Sec. I I for the decay of the A+ 

meson. 
The fact that one has to consider now four pions in 

the final state, however, makes the calculation of the 
interference effects a somewhat more difficult task. 
Also, the choice of the best set of variables in which to 
plot the data to show those effects is not straightforward. 

In order to clarify the steps we followed in our calcula­
tion, we shall present first, in some detail, the case 
corresponding to the decay of the B+ if it had quantum 
numbers Jp=l+. The generalization for the other 
possible Jp assignments is straightforward and the 
results, only, will be shown on Table 4. 

Since the B+ meson is an isotopic vector, the relevant 
isotopic spin vertex operators are simply 5&;2 for the 
diagram of Fig. 5(a) and 5&4-2 for the case of Fig. 5(b). 
Therefore, the total matrix element for B+ decay is 

where 
M = P(s1)Mlt2U+E(s2)M2 ,134 , 

si=(p2+pz+pi)2, 

S2=(pl+p*+p4)2. 

(5.1) 

(5.2) 

6 I t appears that the A is not this broad, but is really two 
peaks: S. U. Chung, O. I. Dahl, L. M. Hardy, R. I. Hess, G. R. 
Kalbfleisch, J. Kirz, D. H. Miller, and G. A. Smith, University of 
California Lawrence Radiation Laboratory Report UCRL-11371, 
April 1964 (unpublished) 
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P(st) are the co meson propagators corresponding to r p
T / B I f m - T h e simplest matrix elements for various values of 

, . . . i I*- . £ ,* r , i . / ^ for decay JD-^ 7ri+w followed by co-^ 7T2+7r3+7r4. The quanti-
each diagram and Ma,bcd is a iunction ot the momenta t i e s P(i a r e t e n s o r s forrned from the production variables. The 
appropriate to the Jp considered. Then | M |2 can be vector B is the four-vector associated with the B and /M is defined 
shown to have the same form as Eq. (2.16) exchanging m E(l- (5A)' 
Tp for Tw everywhere. This fact makes it clear that a 
convenient set of variables to plot the data is the plane 
(si; s2), in complete similarity with the case of the A+ 

decay. In this plane the interference effects will show in 
the region where the two co bands cross. 

The B+ decay rate is proportional to 

2= f Jl&p$(p*-m*) 
J i=l 

X5i(p1+p!i+pz+pi-B)\M\i. 

Jp 

0-
1-
1+ 
1+ 
2-

l 

1 
1 
0 
2 
1 

Matrix element 

P^h 
ell,\,f'>P'pixB* 
P"h 
{P,pi^){pivfv) 
Pi»fvP»v 

(5.3) 

Following the procedure described in Sec. I I we shall 
use for Mi,234 the simplest expression consistent with the 
assumed quantum numbers. Pions 2, 3, and 4 are com­
bined to form the co giving a factor 

The integral can now easily be reduced to 

7T2 1 
G(shS2,Sw) = -

where 
SB 87T 

dQv .dQ£(pvp2-Y)*, (5.12) 

z=2p1p2Y=s1+s2-WB
2su+2ElE2 

fa=zeafiySp2^pd7pA8* 

Then for Jp= l+( /=0) we have: 

J f l . 2 8 4 = P - / > 

(5.4) 

(5.5) 

Ei=(WB
2+m^~sl)/2WB. 

Finally one obtains: 

(5.13) 

D(shs2)=-
96 

where P is a vector associated with the production where7 

variables of the B+ and having the property P-B=0. 
Then 

7r4P2 dsBds\ds2 SB n=1 
= -llDnXn, (5.14) 

X, 

+B(s2-mJ, T^e^ysP^pz^8. (5.6) 

Now the part of \M\2 contributing to the direct term 
D(si,s2) is 

I MB 12= *afr*Pap%*pi^tev\*Pl'P?P%fPf- (5-7) 

Defining Q=pz+p* and K=%{pz—p^ one can integrate 
over d*Q and d*K obtaining 

dx~ 
( X - 4 W / ) 3 ' 2 

rl/2 

24,' 

( * 4 - 4m/)3 /2 

dsz\ds\ds2 ;—777 ^(^1,^2,^34), (5.8) 

A = - m ^ 1 + £ 2
2 ( ^ - E 1 ) 2 + i ( m ^ 1

2 + 5 1 ^ 2
2 ) 

+ f ^ 2 ( ^ - ^ i V + ( 5 / 1 2 ) ( 7 2 , 

^ 2 = - ! £ 2 ( ^ - £ 1 ) - f c r J 

A = 5 / 1 2 , 

and 
(7 = ^1+^2—^j5+2ElE 2 . 

(5.15) 

(5.16) 

(5.17) 

(su) 1/2 
2. 

where 

G(si,s*,s9i)= / #p1&p£(fi?-m*)b(pi--mf) 

X8L(B-p1y-s128t(B-p2y-s2] 

X 6 [ ( 5 - ^ i - ^ 2 ) 2 - ^ 4 ] X $ , (5.9) 

# = ea^e^y^P^p^iB-p^8 

X(B-piY. (5.10) 

Evaluating <£ in the rest frame of the B+ one obtains 

$=-P*m7?s1+2(P'P1)(P'P2)(B-p1)'p2 

+mS(P-p1y+s1(P-p2)2 

+P*t(B-p1)-p2J. (5.11) 

In a completely similar way one can calculate the 
interference term I(si,s2). Then the final expression is 
obtained simply using Eq. (2.22). 

The physical interpretation of this formula is similar 
to the case of the A+ meson as described in Sec. I I . Of 
course, here also, due to the fact that the width of the 

1 The integral of Eq. (5.15) can be done analytically, obtaining 

8=0 
-^Ao^m^lnr}, 

V = [ V / 2 ~ ( £ + - 4 ^ 2 ) 1 / 2 ] / [ Z _ 1 / 2 - (L_-4mW*3, 
^ = Zx(x-4m^)2m, 

4„» = l / ( » + l ) , 
4 « - i " = - 2 ( 2 » + 3 ) / n ( » + l ) , 

An_2n = U/n(n+l)(n-l), 

A n 

•"•8 ' 

_3X4-«-'(H-f)(H-t)-••(»-}) . . . . 
' (»+!)»(»- l ) - . . ( i+ l ) o r n>s+I-
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T A B L E IV. The functions Di(si,s2) and I%(si}S2) for the different values of Jp considered. 

B1213 

D(shS2) I(shs2) 

1-

D2=i<r 

A = fpi2{^i(P22-2m7r
2) 

+i[2E2(WB-El)+oJ}-sl*>/12 

Di = icrSi-WL2Ei(WB-Ei)+ir3 

A = ipi2—TSSI 

D1=-mr*si+E2*(WB--E1)*+t(tn*W+siV2i) 

+iE2(WB-E1)*+(5/12)a* 

Di^-iE^WB-EJ-i* 

Z>3 = 5/12 

A = P I 2 ( P I 2 P 2 2 - V ) / 3 

D2 = cpi 2 /6 

Z ? 8 = - P i 2 / 1 2 

D2=-2A1o—B1 

Dz=Al 

^ i = ( 1 8 p i 2 + ^ i ) / 1 2 0 

5 i = ( 7 / 1 5 ) p i 2 £ 2 ( P T f l - E i ) 

G = pi2[4w7 r
2pi2+3^iP22- l O w ^ i 

+ 1 0 £ 2
2 ( ^ 5 - £ i ) 2 ] / 3 0 

h 
h 
h 

/2 

h 

h 
h 
h 
h 

= - Z ) 2 

= - ( r 3 / 2 4 + ( r 2 / 1 2 ( E 1 E 2 - ^ ) + o - C ^ ( m . 2 - E 1 E 2 ) + p 1 V ] / 6 
- p i 2 P 2 2 £ i ^ 2 / 3 

= (r 2 /24+ ( ^ - m . 2 ) c r / 6 + [ > y j B ( E 1 E 2 - m 7 r
2 ) - p i W D / 6 

= [ o — 2 £ 1 E 2 + 4 m 2 - 2 ^ ] / 2 4 

= - 1 / 2 4 

-KsB-si-s2){sB~2m^)-\-(WBEl~m^){WBE2-m^) 
+iVi2(WBE2-m^)+iV2^WBE1-m^) 
+i<rlWB(E1+E2)-2in^l 

= -H2sB-2mJ-s1-s2)+Ha- WB{EX+E2)+2wT
2] 

= - 5 / 1 2 

= o-(<r2-4pi2p2
2)/24 

= Pi2P22/6-o-2/8 

=<r/8 

= - 1 / 2 4 

Pi2p2
2£i£2 CT3 

— + < T 2 

240 

r i EiE2 
—{sB-2m^)-\-
15 120 +- 10 

Pl2P22 f Pl2P22 E1E2 
(SB—2ra7r

2)+<M (sB—2m/) 
30 { 20 12 

+UWBEi-m^)(WBE2-m^) + l/15Zp1
2(WBE2~m7r

2) 

+ P 2 2 ( ^ ^ l - ^ , r 2 ) ] 

19 
12 — or 

240 

'lisB — mJ) EiEi 

+— 15 

SiE2"| Ei, 

10 J 1: 
E2 

— (sB — 2mir
2) 

12 

1 Pl2P22 

LPi2(WBE2-m7Z)+v2z(WBE1-ni7rz)-]+ 
15 60 

-UWBEt-m^iWBEL-mf) 

7 SB-2mJ 11 

5 a+ _ + ElE2 
48 15 120 

=17/240 

B+ is about 100 MeV one has to perform an integration 
similar to Eq. (2.23) in order to compare this result 
with the experimental data. 

In Table I I I we give the form of the vertex operators 
corresponding to the different Jp values of the B+ 

considered in this work. Finally, in Table IV we show 
the results D(shs2) and I(shs2) obtained for those 
quantum numbers. 

As mentioned at the end of Sec. I I , one can in this 
case, plot the variation of density along an a> band; i.e., 
F(si,tnJ), to compare with the experimental data. The 
results are shown in Fig. 4. 

APPENDIX 

In this appendix general methods are given for con­
structing the decay matrix elements for the cascade 
process 

X->Y+Z, 

Y-

Z-

• W 7 T , 

' n-w, 

The particles X, F , Z, and x have integral, buto ther-
wise arbitrary spin and isotopic spin. Tensor methods 
will be used in the construction of the required invari-
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ants in space-time and in isospin space. The particles 
X, F, and Z are assumed to have spins Sx, Sy, and Sz, 
parities 6X, 6y, and 6Z, and isotopic spins Ix, Iy, and 72, 
respectively. First the decay of X is discussed and then 
the decays of F and Z including symmetry effects. 

The isotopic spin 7 of a particle will be described by 
an 7th rank tensor in isotopic spin space, symmetric and 
traceless in all indices. Such a tensor has 3 1 components. 
However, if two components can be transformed into 
each other by a permutation of the indices, they must 
be equal by the symmetry requirement. Each index 
takes on only the values 1, 2, and 3 and so the com­
ponents may be classified by the number of l 's, 2's, and 
3's. Those with the same distribution of l 's, 2's, and 3's 
can be permuted into each other and are equal. Of the 7 
indices a may be 1, where a is any integer from 0 to 7; 
of the remaining I—a,b may be equal to 2, where b is an 
integer from 0 to I—a, and the remaining I—a—b must 
be equal to 3. Thus there are 

I I-a 

c=Z E l 
a=0 6=0 

= ( / + l ) ( 7 + 2 ) / l X 2 , 

independent components in a symmetric tensor of rank 
7. The trace of such a tensor with respect to any pair of 
indices is the same and is a symmetric tensor of rank 
7—2. The trace has (7—1)7/1X2 components and 
must vanish thus imposing (7—1)7/1X2 conditions on 
the original tensor. The total number of independent 
components is then 

( 7 + l ) ( 7 + 2 ) / l X 2 - ( 7 - 1 ) 7 / 1 X 2 = 2 7 + 1 

as was to be expected. 
In a similar way the spin £ of a particle will be 

described by an 5 th rank symmetric, traceless, trans­
verse tensor. This tensor has As components of which 
only ( 5 + l ) ( 5 + 2 ) ( 5 + 3 ) / l X 2 X 3 are independent by 
symmetry. The requirement of tracelessness imposes 
(s— l)s (s+1)/1 X 2 X 3 additional conditions. This leaves 
(s+1)2 independent components. Transversality is the 
requirement that the scalar product of the momentum 
vector of the particle with any index of the spin tensor 
vanish. This condition is obvious in the rest frame. This 
gives an additional S2 conditions on the symmetric 
traceless tensor since the contraction leads to a sym­
metric traceless tensor of rank 5—1. The total number 
of independent components is ( 5 + 1 ) 2 — 5 2 = 2 S + 1 . 

The spin tensors for X, F and Z are denoted by £, 77, 
and f and the isospin tensors by x, y, z. The indices will 
be suppressed as much as possible. The momenta of the 
particles X, F, and Z are p+q, p, and q. The decay of X 
into F and Z is described by constructing a scalar in 
isospin space from x, y, and z, the Levi-Civita anti­
symmetric three-index symbol €#*. and the Kronecker 
di3\ Since there is only one way to add three angular 
momenta to get 0, provided they satisfy the triangle 

inequality, the result is unique. The spatial part of the 
matrix elements is made by constructing a scalar or 
pseudoscalar from the tensors £, 77, and f, the vectors p 
and q, antisymmetric four-index symbol e and the 
metric tensor 5. There are now more materials to work 
with and the answer is no longer unique. Only the 
simplest scalars (fewest powers of p, q) will be exhibited. 

The following standard terminology of tensor algebra 
is used: the tensor product c of two tensors aiv..iT and 
bqv..Q3 is 

Civ irJV"3t~CliV" ir0 j v . . jg . 

Contraction of a pair of indices means equating them 
and summing from one to three or one to four with the 
appropriate minus sign. 

The isotopic spins I x, Iyy and Iz must satisfy the 
triangle inequality 

\ly-IZ\<I*<Iy+IZ, 
so that 

r2H~l case (i) 
•*• y 1 •* z~~* a ; — \ j 

[2v case (ii) 

where y>0. In case (i) make the tensor product of y, z, 
and e and contract an index of y and one of z with two 
from e. In case (ii) make the tensor product of y and z. In 
both cases v indices of y and v indices of z are contracted. 
The remaining indices of y and z and, the e in case (i), are 
contracted with the indices of x. If Iy>Iz, z must have 
enough indices to do all the contractions with since 

(2H-1 (i) 

\2v (ii) 

U (ii) 

Several examples are given below. 

\&) 1 x~ 1-y~ * z= ±'* tijkXiyjZky 

(b) Ix=2yIy=l,I8=l: XijyiZj, 

\C) * x~ 1> J- y~ ^j -L z~ A ' XiytjZj, 

(d) Ix=l, Iy=Iz=2: XieijkyjiZkiy 

\P) ^ = V y = V 2 = ^ : %abcdeyijklmZpqr€ipaObjVckOlqOmr. 

The spatial part is constructed similarly, except that 
Sx, Sy, and Sz do not necessarily satisfy the triangle 
inequality. If they fail to satisfy the triangle inequality 
the deficit may be made up by using the momentum 
vectors p and q. This is equivalent to derivative cou­
plings in field theory. There are three cases to consider 
depending on the relative magnitudes of Sx, Sy, and Sz. 
These are 

0<Sy—Sz<Sx<Sy+Sz case (i) (Triangle region) 

Sx<Sy—Sz case (ii) 

Sx>Sy+Sz case (hi). 
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In the triangle region the same procedure as was used 
with isotopic spin may be used. If an e is required 
(Sy+Sz—Sx odd) then the fourth index is contracted 
with (q+p) which is just the X mass in its rest system. 
This result corresponds to no orbital angular mo­
mentum, and is only suitable if the intrinsic parity of X 
is the product of the intrinsic parities of Y and Z. If this 
is not the case a p-w&ve Y, Z matrix element may be 
constructed by introducing one factor of q—p. Since 
there is one unit of orbital angular momentum Sx, the 
total angular momentum of Y and Z may be found by 
combining the spins rj and £ to Sx— 1, Sxor Sx+1, and 
then adding the unit of orbital angular momentum to 
give the required total S x. Some of these three possi­
bilities may fail if Sx—0 in which case only SaH-1 is 
possible, or if Sx—1< \Sy—Sz\, etc. The values Sx— 1, 
Sx, and Sx+1 are constructed by the previous prescrip­
tion. The resulting tensor in each case is symmetrized. 
In the case 5^—1 the tensor product with (p—q) gives 
the required answer and the symmetrization is un­
necessary since all indices are eventually contracted 
with £ which is symmetric. For Sx the tensor product 
with e, and (p+q) is formed and one index of the 
symmetrized tensor, the indices of p+q, and p—q are 
contracted with three indices of e. In the case Sx 

+ l,(p—q) is contracted with an index of the sym­
metrized tensor. In each of the last two cases it is 
unnecessary to explicitly carry out the symmetrization. 
If r) has a free indices and f has b free indices, any index 
in the symmetrized tensor appears a/(a+b) times in rj 
and b/(a-\-b) times in f. For example, the symmetrized 
version of rn£k is IZvijtk+mktj+Vjkf J - A contraction 
of an index of the symmetrized tensor T with the 
vector V is 

(a+b) 

where the dot product means contraction of the index of 
V with any index of the tensor. To illustrate the problem 
consider combining Sy= 3, Sz= 2 to an Sx of 4 with one 
unit of orbital angular momentum. The case when rj 
and f are combined to give Sx is simple 

In the next case rj and f are first combined to give S x— 4 

vi\ii£paepcTv(p+q)T-

The free indices are X \ip and <p and the tensor should be 
symmetrized in them. This would give rise to 24 terms. 
Next the tensor product with e, (p+q) and (p—q) is 
formed 

(l/24)(r}^p<T€v<TT<p(p+q)T-\ )e\ea,K(p+q)e(p—q)o>-

Now the free indices are np<p and K. The -\ signifies 
the other 23 permutations. The X will occur on the f and 
e as well as on the rj in these other permutations. 

Finally, the result is contracted with £. 

(l/24)?a/37a(r;xavfp(Te,(rrr(^+^)TH ) 

Xe\eo,8(p+q)e(p—<?)« 

Xeucos(p+q)e(p-q)o3(p+q)r-

The last line follows since the indices afiy are equivalent 
as they are the indices of the symmetric tensor £. The 
index X occurs in the different terms in the ratio 2:1:1 
as given by the lemma above. Finally, t\ and f are 
combined to give Sx+1 by simply forming the tensor 
product 

This must be contracted with (p—q) symmetrically 
thus the final result is 

Z«py8(?r}ap\$yb(p— q)\+2rjapy£8(T(p—q)a). 

In case (ii) or (iii) Sy—Sz—Sx or Sx—Sy—Sz units of 
angular momentum are required to "close the triangle." 
In case (ii) the tensor product y£(p—q)—-(p—q) when 
there are Sy—Sz—Sx factors (p—q) and these factors 
are contracted with rj and the usual process carried on 
the remaining tensor. Similarly, in case (iii) Sx—Sy—Sz 

factors (p—q) are added to the tensor product and then 
the contraction of all indices of 77, f, and the (p—q)'s 
with the indices of J is done. These matrix elements are 
suitable for definite relative parity of X, F, Z 

dx=dydz(-l)
L, 

iSy—Sz—Sx case (ii) 

[Sx-- Sy—Sz case (iii) 

II this relation is not satisfied another power of 
(p— q)a(p+q) and an e, and these together with an 
index of 77 or f are contracted against an e. This com­
pletes the discussion of X—> Y+Z. 

The matrix elements for Y —> mir is constructed in a 
similar way as a product of an isotopic and spatial part. 
However, since the ir mesons satisfy Bose statistics only 
certain combinations of space and isospace are per­
missible. The isospin of each pion is described by an 
isovector U, The tensor product of m of these is taken. 
A coefficient c(av • -asfiv • -bm) is constructed to con­
tract with this tensor product. The b's are the indices of 
the pion isospin. c is symmetric and traceless in the 
s a's and they are contracted with the indices of y and Y 
isospin tensor. The behavior of c under a permutation of 
the indices b is like a specific representation of the per­
mutation group. For 7^=0 and 1 these coefficients have 
been given8 for w = l , 2, 3, 4. Here they are listed for 
Iy=2, 3, 4 and for m=2, 3, 4. The generalization for 
larger numbers is simple but tedious. These coefficients 

8 Francis R. Halpern, Ann. Phys. (N. Y.) 7, 146 (1959). 



B1216 FRAZER, FULCO, A N D H A L P E R N 

are not normalized. 

c2(0i02,6i62) = 8(aib1)8(a2b2)+d(aib2)&(a2b1) — f5(tfia2)5(&i62). 

Cz(aia2azbib2bz) = d(aib1)5(a2b2)8(azbz)+5(a1bi)8(a2fa)8(a^ 

+8(a1bz)8(a2bi)8(azb2)+8(aibz)8(a2b2)8(azb1)~^Z8(a1a2)8(azh)8(b1b2) 
+8(aia2)8(azb2)8(bibz)+8(aia2)8(azb1)8(b2bz)+8(aiaz)8(a2bi)8(b2bz) 

+8(aiaz)8(a2b2)8(bibz)+8(aiaz)8(a2bz)8(bxb2)+8(a2az)8(aibi)8(b2bz) 

+8(a2az)8(a1b2)8(b1bz)+8(a2az)8(a1bz)8(b1b2)~]. 

c1
21(a1a2,bib2bz) = L8(a1b1)e(a2b2bz)+8(a2bi)8(aib2bz) — 8(a1b2^ 

C221(aia2,bib2bz) = L28(aibz)e(a2b1b2)+28(a2bz)e(aJ 

~8(a2bi)e(a1b2bz)—8(aib2)e(a2bzb1) — 8(a2b2)e(aibzbi)^. 
^(01020304,61626364) = Z 2̂4 5(0161)5(0262)5(0363)5(0464) 

- (2/7)Ee $Oia2)Ei2 8(b1b2)8(azbz)8(aJ)4)+ ( 8 / 7 ) [ E 3 5 (0102)5(0304)]^ 5(6162)5(6364)]. 

The sums are to be taken over all distinct permutations of the indices, the total number of permutations is indi­
cated by the numerical subscript on the summation sign. 

Cl3K#ltf2#3,6l&2W4) =L6{5( f l l&l )S^ 

— 5(0163)5(0264)6(036162)] — J5 (0102) [5 (6162)6(036364)+5 (6163) €(036264) 

— 5(6264)6(036163)-5(6364)6(036162)]}. 

C2Zl(aia2azfiib2bzb^ = Y<s{8(aib^8(a2bz)e(azb2b^ 

— £8(0102) [5 (Ma) €(036264)+25 fa^ 

C33Ktfl#203,6lM3&4) = Z 6 { 5 ( 0 l 6 2 ) 5 ^ 

— |5(01a2)[5(&263)€(a36l64) + 5(a863)€(S2SlJ4)+5(62J4)€(086l68) 
+8(bzb,)e(a1blb2)+8(azb1)e(b,bzb2)']}. 

ci(aia2>bib2bzb^) = J^i2{8(a1bi)8(a2b2)8(bzbi) — l8(a1a2)8(b1b2)8(bzbA)}. 

C1
2\aia2,b1b2bzb4) = j^2{8(aibi)8(a2b2)8(bzbi) — 8(a1b1)8(a2b4)8^^ 

+ 5 ( 0 1 6 2 ) 5 ( 0 2 & 4 ) 5 ( M 3 ) - | 5 ( ^ 

C222(aia2,bib2bzb4) = yEt2{8(a1bi)8(a2bz)8(b2b^) — 5(0161)5(0264)5(6263) — 5(0162)5(0263)5(6164) 

+5(0i63)5(0264)5(6i62)-|5(0102)[5(6i63)5(6264)-25(6i64)5(6263)+5(6i62)5(6364)]}# 

Ci31(0i02,6i626364) = [5(0i6i)5(0262)+5(0i62)5(026i)]5(6364) + [5(0i62)5(0263) 

+5(0163)5(0262) ]5(6i64)-|5(0102)C5(6i62)5(6364)+5(6i64)5(6263)]. 

c2
31 (0102,61626364) = [5(0i6i)5(0263)+5(0i63)5(026i)]5(6264)+[5(0i62)5(0264) 

+5(0164)5(0262) ]5(6i63)-15(0102)5(6163)5(6264). 

c3
31 (0102,61626364) = C5(0i6i)5(0264)+5(0i64)5(026i)]5(6263) + C5(0i63)5(0264) 

+5(0164)5(0263) ]5(6i62)-f5(0i02)[5(6i64)5(6263)+5(6i62)5(6364)]. 

a general coordinate system by the rule 

The types of combinations to be formed are similar to 
those listed for isotopic spin although the symmetry 
properties are more difficult to treat, since the 
Kii=l'"M— 1, have fairly intricate transformation 
properties under permutation. Each Ki may be used an 
arbitrary number of times. The exact combination to 
choose is to be fixed by the symmetry requirement that 
can be treated adequately for any realistic case but is 
rather difficult to prescribe in general. Some examples 
are given by Henley and Jacobsohn.9 

9 E. M. Henley and B. A. Jacobsohn, Phys. Rev. 128, 1394 
(1962). 

In a similar way it is necessary to make a spin tensor 
from the momenta of the ffiTT S.KUK2' ' 'Km* The following 
combinations effect the transition to the X center of 
mass. 

A i = A ijkj, 

0 i>j iy^m 
A —J L(n~i)/(n—I+l)~]112 i—j iy^m 

ij~\-t(n-i)(n~i+l)']-^2 i<j i^m 
[n~1{2 i=m. 

In these formulas kj and Ki are four-vectors. The 
indices i and j identify the vectors and do not refer to 
components. The over-all center of mass is given by 
i£ m =0 . Appropriate spin tensors are made from Kh 

K2- • -Km-i is the rest system and then transformed into 


